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Emanuel Kieronski

1 Groups, rings, fields

1.1 Algebraic structures

Definition 1 An algebraic structure is a tuple A = (A, f1, fa2,...) consisting of a set A and operations
fi1, f2, ... defined on A.

A is called the universe of A. We often denote both algebra and its universe by the same symbol. Each
of the operations fi, fa,... has a fixed arity. An operation of arity n (n-ary operation) is a function from
A™ to A. Operations of arity 0 are called constants; a constant is identified with a distinguished element of
the universe. We will usually work with algebraic structures with a finite set of (usually binary) operations.

A note about external operations (...).

Example 2 Examples of algebraic structures:
(a) (Z? +7 T 0)
(b) (P({1,2,...,n},u,n/).

In the following definition we distinguish some properties which may be enjoyed by binary operations.

Definition 3 (a) an operation - is commutative, if Va,b€ A a-b=1>-a,
(b) an operations - is associative, if Va,b,c € A (a-b)-¢c=a- (b-¢); for example, the power operation in
the set of natural numbers is not associative,
an element e is a left identity or a left neutral element of an operation -, if Va € A ea = a.
an element e is a right identity or a right neutral element of an operation -, if Va € A ae = a.
an element e is an identity or a neutral element of the operaton -, if Va € A ea = ae = a.

for an operation with an identity e, an element b is a right inverse of a, if a - b = e,

)
)
)
f) for an operation with an identity e, an element b is a left inverse of a, if b-a = e,
)
) an element a is an inverse of b, if ab = ba = e

)

an operation - is distributive over an operation +, if Va,b,c € A a-(b+¢) = a-b+a-c and
Va,b,ce A (b+c¢)-a=b-a+c-a.

The following facts can be easily proved:

Fact 4 (i) If an operation has a right identity e; and a left identity e, then e; = e,.. Thus, an operation
has at most one identity.

(ii) If an operation - is associative and has an identity e, then for each element a, if b, is a left inverse of
a, and b, is a right inverse of a, then by = b,.. Thus, each element has at most one inverse.

Some classes of algebraic structures have a special significance. Now we introduce three of them.

Definition 5 (a) An algebraic structure (A, -), with a binary operation - is called a group if:
e . is associative,
e - has an identity,
e each element has an inverse.
additionally, if - is commutative, then the group is called commutative or abelian.
(b) An algebraic structure (A, +,-) with binary opeations +, - is called a ring if:
e (A,+) is an abelian group,

e - is associative,



e - is distributive over +.
(c) (A, +,) is a field if
o (A, +,)is aring,
e (A\ {0},-) is a commutative group (by 0 we denote the identity of +);

A few examples of groups are given in the next section. Examples of fields are number fields, e.g. the set
of rational numbers with naturally defined + and -. One can construct also finite fields. An example of a
ring which is not a field: the set of integers with naturally defined + and - (or the set of even integers — it
even lacks an identity of -). A very important role is played by the rings Z,, = ({0,1,...n—1},+,, ), with
addition and multiplication modulo n.

1.2 Groups - basic properties and examples

The notion of a group was introduced in the previous section. There are also some similar relaxed notions:
a semigroup is a non-empty set with an associative operation, and a monoid is a semigroup with an identity.

Conventions. The group operation is often called multiplication; we write ab instead of a - b; we use 1 to
denote the identity; we use a~! to denote the inverse of a; a™ denotes the result of multiplying a n-times
by itself a - a - ...-a (the n-th power of a). This ,style” of speaking about groups is called multiplicative.
Alternatively, we can use the additive style: + for the operation; 0 for the identity; —a for the inverse of —a.
In these notes we usually use the multiplicative style but denote the identity by e.

Remark. The notion of a group may be defined in a slightly different way: as a set with a binary operation
-, unary operation ~' and a constant 1, with the appropriate properties of the operations.

1.3 Examples

Example 6 We give a few examples of groups (and check that they are groups indeed):

(a) (Z,+) — the set of integers with addition

(b) (R\ {0},-) — the set of non-zero real numbers with multiplication,

(c) the set of bijections from X to X with the operation of function composition, for an arbitrary non-
empty set X,

(d) (Z4,+4) - {0,1,2,3} with addition modulo 4 (a +4 b is defined as the remainder from the division of
a+ b by 4,

(e) (Z%,-5) - {1,2,3,4} with multiplication modulo 5,

(f) {1,3,5,7} with multiplication modulo 8 (the Klein four-group),

(g) the group of rotations of a square (with composition),

(h) the group of symmetries of a square, with composition (a symmetry is a transformation preserving the

distances between points). There are 8 symmetries of a square: 4 rotations (including identity) and 4

reflections (through the horizontal line, vertical line and two diagonals).

All the above groups, except (¢) and (h) are abelian.

1.4 Group tables

To define a group we can use a group table. Below we present a table of a group from point (f) of Example
6:

~3| ot wo| =
~| ot wo| =]~
ol | =] o] wo
| | ~1| otf| e
—| ol o ~1f| ~1

And here is a table of the group of symmetries of a square:
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Let us observe the properties of group tables:

Observation 7 (i) there exists an element (identity) whose row and column are exactly the same as the
row and column describing the elements of the universe

(ii) each row and each column contain the identity; the identities are placed symmetrically through the main
diagonal of the table.

(iil) each row and each column is a permutation of the universe.

The above properties are not sufficient conditions for being a group - we still have to ensure that the
gropu operation is associative. The last observation from 7 is a consequence of the following lemma:

Lemma 8 In a group, the equlities ax = b and ya = b have unique solutions.

Corollary 9 In a group, cancellations law hold. Left cancellation law: ab = ac implies b = c. Right
cancellation law: ba = ca implies b = c.

1.5 Group isomorphisms

We define the notion of a group isomorphism.*

Definition 10 We say that groups (A4, 1) and (B, -2) are isomorphic if there exists a bijection F': A — B,
such that Va,b € A a-1 b= cif and only if F'(a) -2 F'(b) = F(c). F is called an isomorphism between groups
A and B.

It is not difficult to see that isomorphism preserves all the properties of the group operation. In particular:

Fact 11 If F' is an isomorphism from A to B, then F returns the identity of B for the identity of A, and
the inverse of F(a) in B for the inverse of a in A.

This means that isomorphic groups have identical structures and essentially differs only in names of
elements. The following observation is straightforward:

Fact 12 The relation on the set of all groups, containing exactly those pairs of groups which are isomorphic,
18 an equivalence relation.

Example 13 Groups (d), (e) and (g) from Example 6 are pairwise isomorphic. Groups (d) and (g) are not
isomorphic.

Hence, the groups (d), (e) and (g) are in fact ,incarnations” of the same abstract object. Soon we will

see that, up to isomorphism there are only two four-element groups.

1.6 Orders of elements and orders of groups

We define the power of an element in a group in a natural way.

Definition 14 (a) a” = e, where e is the identity
(b) a™ = a-a™!, for positive m
(c) a™ = (a=1)™, for negative m
The following equalities hold:

Fact 15 (i) a"a®* =a"**

IThe notion of isomorphism can be naturally generalized to other algebraic structures.



(i) (a")® =a".
Note however that (ab)™ = a™b" is not necessarily true in a group (but it holds in abelian groups).

Definition 16 The order of an element a in a group is the smallest positive integer m such that a™ = e.
If no such m exists, the group has an infinite order. The order of a group is its cardinality, i.e. the number
of its elements.

A few examples were given during the lecture. Question: is it possible that an element of a finite group
has infinite order? No.

1.7 Subgroups, generators, and cyclic groups

Definition 17 We say that B is a subgroup of a group A if B C A and B is a group.

If (A,-) is a group then the set containing only the identity is its subgroup. According to the definition
a whole group itself is also its own subgroup. These two special subgroups are called trivial.

Example 18 (a) The group of rotations of a square is a subgroup of the group of symmetries of this
square.

(b) The set of even integers with addition is a subgroup of integers.

Note that B has to contain the identity; for every a € B the inverse of a a~! has to belong to B; and B
has to be closed under the operation - (a,b € B = ab € B).
For finite groups we can even prove:

Lemma 19 A non-empty subset H of a finite group G is its subgroup if and only if Ya,b € H we have
ab € H (in other words: H is closed under the operation -).

Proof: Let us tak an element a € H. It has a finite order m in G, a™ = e. Hence, a™~! is the inverse of a.
O

Definition 20 (a) Let G be a group and X its non-empty subset. The smallest subgroup of G containing
all elements of X is called a subgroup generated by X.

(b) If a group G is generated by a singleton set {a} (for simplicity we also say that G is generated by the
element a, or that a is a generator of G), then G is called cyclic.

Fact 21 (i) The subgroup generated by X consists of all possible products of the form xixs ...y, where
z; € X or x;l € X, for k € N. Not all of this products are distinct of course.

(i) If a is a generator of a finite (sub)group H, then H = {a,a? a,...a™}, for the smallest m > 0, such
that a™ = e. Moreover a' # a’ fori # 5,0 <i,j < m.

Note that the number of elements of a cyclic group equals the order of its generator. A cyclic group may
have more than one generator.

Example 22 (a) A generator of (Z,+) is 1.
(b) A generator of a group of rotations of a square is  — 90 degree rotation (or r”” — 270 degree rotation).
(c) A generator of the additive group (Z4,+4) is 1 (or 3).
(d) The Klein four-group is not cyclic. To generate this group we need at least two elements, e.g {3,5}.
(e) The subgroup of the Klein four-group generated by 3 is {1, 3}.
(

f) The subgroup of the group of symmetries of a square, generated by r (90 degree rotation) consists of
all rotations (including identity).

(g) The group of symmetries of a square is not cyclic. It can be generated, e.g. by {r,d}.

Theorem 23 If a group G is cyclic, and a its generator, then the order of a defines G up to isomorphism.
More precisely, if the order of a is infinite then G is isomorphic to (Z,+), and if this order is k, then G is
isomorphic to the additive group (Zy,+x).



1.8 Groups of permutations

An important class of groups are groups of permutations. A permutation of a set X is a bijection of X to
itself. In the example 6(c) we observed that the set of permutations of a set is a group with the operation
of composition. This group if not abelian if | X| > 2.

We usually work with permutations of the sets {1,2,3,...,n}. The group of such permutations is denoted
by Sp. A permutation f can be represented in a two-row form:

1 2 3 . n
f(1) f(2) £38) ... f(n).
Remarks about the operation of composition (how to compute, S, is closed under composition, inverses)
An important class or permutations are cycles.

Definition 24 A k-cycle (cycle of length k) is a permutation f of the set X = {1,2,...,n} (k < n), such
that there exist 1 < a1,as,...ax < n (a; # a; dla i # j), such that f(a1) = ae, f(a2) =as, ..., flar) =@
and f(a) = afora ¢ {ay,...ar}. A cycleis denoted by (a1,as,...,ax). 2-cycles are also called transpositions.
Cycles (a1,a2,...ax, ) and (b1, be,...by,) are disjoint if a; # b; for all 4, j.

Note that disjoint f, g cycles commute, i.e. fg=gf.
The set of permutations S,, has the following properties:

Theorem 25 (i) Any permutation can be uniquily expressed as a product (composition) of disjoint cycles.
(ii) Any permutation can be expressed as a product of transpositions (not necessarily disjoint; not uniquely)

(iil) Any transposition can be expressed as a product of transpositions of an odd number of transpositions of
neighbouring elements. Hence, S, is generated by the set of all transpositions of neighbouring elements.

Proof:
(i) Easy.
(ii) Implied by (a1, aq,...,ar) = (a1, ar)(a1,ak-1) ... (a1, as)(a, asz).
(iii) Implied by (4,0) = ((4,j+ 1D +1,i+2)...(0—-2,1 -1 -1,)(-2,1—-1)...(7+1,7+2)(j,7 +1).

O

Fact 26 In the group S,:
(i) A k-cycle has order k,

(ii) the order of any permutation is the least common multiplier of the orders of the cycles appearing in
the decomposition of the permutation into disjoint cycles.

Definition 27 Let f € S, and P(f) = [[,<;;<,(f(j) — f(i)). The sign of P (1 for positive P, —1 for
negative P) is called a sign of permutation and denoted by sgn(f). Permutations with sign 1 are called even,
with sign —1 — odd.

Note that P(f) and P(g) for f,g € S, have the same absolute value, but this value does not play an
important role in the definition of parity of a permutation. An alternative definition uses the notion of
an inversion: elements f(i) and f(j), ¢ < j are an inversion in f if f(i) > f(j); a permutation is even
if and only if it has an even number of inversions. It is not difficult to see that this definition is equivalent
to Definition 27.

Lemma 28 Let f be a permutation, and t a transposition from S,. Then sgn(f) = —sgn(ft).

Proof: We prove a lemma for ¢ a transposition of neighbouring elements. Then we use Theorem 25, part
(iii).

Lemma 29 A permutation f is even if and only if in its any decomposition into transpositions the number
of transpositions is even.



Proof: Let us decompose f into a product of transpositions: f = tits...tx. We can thus write f =
intits .. .tg, where i, is the identity in S,. Clearly, sgn(i,) = 1. We use lemma 28. O

Using lemma 29 it is easy to see:

Fact 30 (i) A product of two even permutations is an even permuation.
(il) A product of two odd permutations is an even permuation.

(iil) A product of an even and an odd permutation is odd.

(iv) The inverse permutation of an even permutation is even.
(v) The inverse permutation of an odd permutation is odd.

Points (i), (iv) (or point (i) and lemma 19) imply:
Fact 31 The set of all even permutations of Sy, is its subgroup.

The above group is denoted by A,, and called an alternating group.
It is easy to show that |S,| (the order of S,,) equals n!. We prove that exactly one half of permutations
in .S, is even.

Lemma 32 Forn > 1: |A,| =nl/2.

Proof: Let fi, fa,..., fr be a list of all even permutations, and ¢t — any transposition. We show that
tfi,tfa,...,tfi is alist of all odd permutations in S,, and that tf; # tf; if i # j. a

Now we observe that every finite group is essentially a subgroup of a group of permutations.

Theorem 33 (Cayley) Let G be a finite group of order n. Then G is isomorphic to a subgroup of S,.

Proof: W.l.o.g we can assume that G = {1,2,3,...,n}. We construct a function ¥ : G — S,,. For a € G,
we define F(a) = f,, where f, : G — G is such that f,(b) = ab for all b € G. It is easy to see that f, is a
bijection for any a € G. Similarly, F' is 1-1 (since f, # fp for a # b). Now we show that the image F(G) is
a subgroup of S,,. By Lemma 19 it is sufficient to show that the product of two bijections from F(G) is in
F(G). This is implied by the equality f,f, = fap. This equality proves also that F' preserves the operation
. O



1.9 Cosets and Lagrange’s Theorem

Definition 34 We define an operation - on the set of subsets of a group. Let X and Y be subsets of a group
G. XY :={zy: z € X,y € Y}. We simplify the notation for singleton sets, and e.g. instead of {a}-Y we
write aY.

Remark The operation defined above is associative and has an identity, but none of the sets with at least
2 elements has an inverse.
Every subgroup defines cosets of a group.

Definition 35 Let H be a subgroup of a group G. A right coset of H is each of the sets Ha, for a € G.
Similarly, a left coset is each of the sets aH, for a € A. In particular H is its own right and left coset (since
H = He = eH). The number of right coset is called an index of a subgroup H.

Lemma 36 (i) If H is finite then each coset of H has |H| elements.
(ii) For every pair Wy, Wy of right (left) cosets of a subgroup H either Wy = Wy or Wiy N Wy = (0. Thus
right (left) cosets of H for a division of G.

Proof:
(i) Implied by canellation laws.

(ii) Let « € Ha and « € Hb. Then x = hya = hsb, for some hy,hy € H. Let y € Ha. Then y = hza =
hshi'a = hahi'hob € Hb, since hshy *hy € H. Thus Ha C Hb. Similarly we show that Hb C Ha. Of
course each element a is a member of the coset Ha.

O
The above Lemma implies in particular that each subgroup has the same number of left and right cosets.

Example 37 (a) Consider the group of symmetries of a square from Example 6. H = {i, h} is its sub-
group. It defines four left cosets: Hi : {i,h}, Hr' : {r',v}, Hr : {r,d}, and Hr" = {",d'}.
(b) Let G = S and H be the set of all f for which f(1) = 1. We have 6!/5! = 6 left cosets (since |H| = 5!).
Each of the coses is determined by the value of permutations on 1.

The consequence of Lemma 36 is the following theorem:

Theorem 38 (Lagrange) The order of a finite group is a multiple of the order of its every subgroup.

Corollary 39 The order of an element of a finite group G divides |G|

Proof: An element a generates a cyclic subgroup: {a,a?,a3,...,a™ = e} G.

k:

Corollary 40 In a finite group of order k, for every a we have a e.

Corollary 41 FEvery group G, whose order is a prime number is cyclic.

Thus we have, up to isomorphism, only one group of order 5 — (Zs5, + mod 5)-

1.10 Groups acting on sets

Definition 42 We say that a group G acts on a set X if there exists a function from G x X into X, (notation:
(a,z) — a.x) such that:

(a) ex=xforal z € X,
(b) a.(b.z) = (ab)x for all a,b € G,z € X

Fact 43 For every a € G, the function f,(x) = a.x is a bijection of X into X.

Definition 44 Assume that a group G acts on a set X.
(a) A stabilizer of an element x € X is the subgroup stab(z) = {a € G : a.x = z}.
(b) An orbit of an element x € X is the set orb(z) = G.x = {a.x : a € G}

Example 45 A subgroup H acts on the group G in a few ways:
(a) h.a = ha. In this case, orbits are right cosets of H. Stabilizer: {e}
(b) h.a = ah™!. Orbits are left cosest of H.



Example 46 Every subgroup H of the permutation group S, acts on the set {1,2,...,n} in a natural way:
fx = f(x). stab(z) is the set of permutations that do not affect z. orb(z) is the set of those elements
which = may be moved to by permutations from H. What are the orbits of the subgroup of Sg generated
by (1,7,4,2)(6,8)7? (answer: {1,2,4,7}, {3}, {5}, {6,8})

Theorem 47 The set of orbits forms a division of X. In other words: for all x,y € X we have either
orb(z) = orb(y) or orb(z) Norb(y) = 0.

Theorem 48 Let G acts on a set X. Then for each x € X we have

|G| = |stab(z)||orb(x)|.

Proof: We know that stab(x) is a subgroup of G. By Lemma 36 it is enought to show the the number
of the cosets of stab(z) equals the number of the orbits of z. We define a bijection F' from the set of left
cosets of stab(z) to orb(z): F(a- stab(x)) = a.x. Soundness of definition: If astab(x) = bstab(x), then
b=ta € stab(z), so b~ta.x = x, And thus a.x = b.z. F is ,,onto”: obvious. F is ,,1-1" if a.x = b.z, then
b~la.xr = x, and thus b~la € stab(x), which implies that a € bstab(z).
O
Now we formulate an important combinatorial lemma. Let G acts on X. Let X/G denotes the set of
orbits, and fiz(x) ={z € X : a.x = z}.

Lemma 49 (Burnside)

|X/G| = |G| > Istab(x IGI > |fiz(a

zeX acG

Proof:  We check first that both formulas give the same results. Let .S denotes the set of pairs (a,z) € Gx X
such that a.x = . For a fixed a the number of such pairs is |fiz(a)|. Thus |S| = > . |fiz(a)l. On the
other hand, for a fixed x the number of such pairs is [stab(z)|. Thus |S| = > _y [stab(z)|. By theorem
48 the elements from the same orbit orb(z) have the stabilizers of the same cardinality W. This gives:

>zex Istab(z)] = ZOGG/X(ZIGO |stab(z)|) = Zoex/a 0] - |o| = |G||X/G|. o

Example 50 Let B be the set of boolean functions of three variables, i.e. function of the type {0, 1}{z12.2s}
{0,1}. Such functions may be implemented as logical circuits with three inputs and one output. What is
the minimal number of circuits which are necessary to implement an arbitrary function from B? Obviously,
|B| = 22° = 256, but we do not really need 256 circuits. - a given circuit may be used to compute several
functions by reconnecting the wires with input signals. For example, using a circuit returning 1 if and only
if its first input is set to 1 and the remaining inputs are 0s we can implement three boolean functions.

Let us define an action of S3 on B. For f € Sz and b € B, (f.0)(y1,y2,y3) = b(ys-11),Yr-1(2), Yr-1(3))-
Note, that the elements belonging to the same orbit can be implemented by the same circuit. So the
question is: how many orbits is defined by the action of S3 on B? We count the number of fixed points of
all permutations:

(a) |fiz(id)| = 256
(b) |fiz((1,2))] = |fiz((2,3))| = | fiz((1,3))| = 2°, since, e.g. functions from fiz((1,2)) satisfy f(x1, 1o, 23) =
f(xa,x1,x3), so to define them 6 values is required.
(c) |fixz((1,2,3))] = |fiz(1,3,2)| = 2%, analogously, 4 values required.
Finally, by Burnside’s Lemma we have |B/Ss| = (256 4 3 % 64 + 2 16) = 80.



1.11 Euclidean Algorithm

For integers a, b we write a|b if a divides b, i.e. if there exists an integer k& such that b = ka. A number n > 1
is prime if its only positive divisors are 1 and n.

Fact 51 For integers a and b, b # 0 there exists exactly one non-negative integer r < b such that for some q
we have a = qb+r; the number r is called the reminder of the division of a by b and is denoted by a mod b.

For any pair of integers a, b there exists their greatest common divisor, denoted ged(a,b). If ged(a,b) =1
then a and b are called relatively prime.

The greatest common divisor of positive numbers m and n can be computed by Fuclidean algorithm:

(1) mg :=m, :ng =n.

(2) i=0

(3) If m; = 0 return n;; If n; = 0 return m;.

(4) If m; > ny;, then m; := m; mod n; else n; :=n; mod m;
(56) i:=i1+1. Go to 3.

Note first, that the algoritm always terminates: the numbers m; and n; are nonnegative and their sum
decreases so the process cannot last infinitely. To see that the algorithm is correct we prove the following
lemma;:

Lemma 52 ged(a,b) = ged(a mod b, b).

Now it is easy to see that the gcd(m;,n;) is preserved by the algorithm and so the value returned is
correct. An important consequence of the algorithm is the following theorem:

Theorem 53 Let m and n be integer numbers. Then there exist integers a and b such that am + bn =
ged(m,n).

Proof: We inductively prove that the values of m; and n; are in the set {am + bn : a,b € Z}. One of this
values is returned as ged(m,n).
The values of a and b from Theorem 53 can be computed by the extended Euclidean algoritm.

Example 54 Computations for m = 81 and n = 57:

81=1-57+24
97T =2-24+9
24=2-946

9=1-6+3

6=2-340

So ged(81,57) = 3. To find a and b we ,reverse” the computations:

3=9-1-6
3=9-1-(24—2-9)=—1-24+3-9
3=—1-24+43-(F7—2-24)=3.57—7-24
3=3-57—7-(81—57)=—7-81410-57

A particular corollary of 53 is:

Corollary 55 gcd(m,n) =1 if and only if am + bn = 1 for some integers a i b.

1.12 Modular arithmetic

Recall that the result of a +,, b, for a,b € Z, is defined as the reminder of division of a + b by m, i.e. (a +b)
mod m (and similarly for -,,). We observed that Z,, = {0,1,...,m — 1} forms a commutative group with
~+m, for all m > 0.

We introduce a relation =, in the set of integers: a =,, b if and only if a — b = km for some k € Z (i.e.
when m divides a — b, which is equivalent to the fact that the reminders of a and b by m are equal). It is
easy to check that =,, is an equivalence relation with m equivalence classes, determined by reminders of the
division by m.

Fact 56 (i) ifa=,bandc=,d, thena+c=,, b+d



(ii) ifa = b and c =, d, then ac =, bd
(iil) if a = b, then a™ =, V" forn € N
In particular (a+b) mod m = ((a mod m)+(b mod m)) mod m oraz (a-b) mod m = ((a mod m)-(b
mod m)) mod m —because a =, a mod m. The above fact imply that (Z,,,, +m, -m ) is aring (commutative,

with an identity): +,, satisfies all conditions of a group operation and is commutative, all the remaining
conditions of rings are also satisfied: We check e.g. that a -, (b+m¢c) =a - b+ma-mc.

Lemma 57 An element a in a ring Z,, has an inverse (with respect to -, ) if and only if ged(a,m) = 1.

Proof: =1Ilfa-,b=1,ie ab mod m =1 then ab = gm + 1 for some ¢, so ab — gm = 1. By Corollary
55 ged(a,m) = 1. < Again by 55 we have that ax + my = 1 for some integers = i y. In other words:
axr =—ym+1,ie ar mod m =1, soxz mod m is the inverse of a. O
The above lemma implies that:
Theorem 58 (i) ({1,2,...m —1},-,) is a group if and only if m is a prime number.
(ii) The ring (Zm,+m, m} s a field if and only if m is a prime number.
For any field (C, +, -) we say that the group (C, +) is its additive group, and that the group (C'\ {0}, -) is
its multiplicative group. For any ring (P, +, -) we say that + is an additive operation, and - — a multiplicative
operation Let Z} denotes the subset of Z,, containing element relatively prime to m. |Z} | is denoted as

©(m) (this is called the Euler’s function). It is easy to see that ¢(p) = p — 1 for a prime p.

Theorem 59 The set of invertible elements (with respect to the multiplicative operation) of a ring forms
a group (with the multiplicative operation). In particular (Z%,,-y,) is a group for any m > 0, as the set of
invertible elements of the ring(Z,,+, ).

Recall that, by Corollary 40, for any gropu G, al! = e is satisfied for any a € G. This implies:
Theorem 60 (i) (Fermat’s little theorem) If p is a prime number, then for any a € Z, such that p
does not dived a, we have a?~! = =, 1.
(ii) (Euler) If ged(m,n) = 1, then a¥™) =,, 1 for any a € Z.
Example 61 (a) An example application of Fermat’s theorem: what is the reminder of the division of
21000000 by 1017 We know that 210 =141 1 (since 101 is a prime). 21000000 — (9100110000 =, , 1.

(b) What is the last digit in the decimal representation of 32°°9? We are looking for the result of multiplying
3 by itself 2009 times in Zy. 32 =9, 3% =7,3%* =7.3 = 1, 32008 = 34502 — (34)502 — 1_ S0, the result
is3-1=3.

(c) The additive group (Z,,+,) for a prime p is cyclic (by Corollary 41). It can be also shown (but we
skip the proof), that the multiplicative group (Z, \ {0}, -,) is also cyclic. In this example we check that
2 is a generator of the multiplicative group Zo; (recall that 101 is a prime). We show that the order
of 2 is 100. It is enaugh to see that 220 and 2°° are not equal to 1. Since the order of 2 has to be a
divisor of 100, and all divisor of 100 (less then 100) are divisors of 20 or 50 we have the required result.

In the above examples we observed that in a ring Z,,, we can easily compute powers. In the case when m is
prime we can also easily compute inverses (Euclidean algorithm). These to properties we be very important
in applications to cryptography.

1.13 Chinese reminder theorem

Definition 62 Let (G1,1),-.., (G, k) be groups. Their product is the structure ((G1 X, ..., XGx), -), whose
universe is the cartesian product of G;-s and the operation is defined as follows: (g1,...,9x) - (91,--.,9%) =
(91191 9k 'k G1)-

Fact 63 The product of groups is a group.

Example 64 (a) Zg is isomorphic to Zg X Zg (with addition). Isomorphism: F(z) = (x mod 2,2 mod 3)

(b) Zsg is not isomorphic to Zg x Z4. It can be checked that Zy x Z4 does not contain an element of order
8 and such an element exists in Zg (1).

(¢) Zs X Zs is isomorphic to Klein four-group.
Example 64 (a) can be generalized to the following theorem:

Theorem 65 (Chinese reminder theorem). Let my, ma, ..., my be pairwise coprime. Letm = mimg. .. my.
Then Zyy, is isomorphic t0 Zp, X Zmy X ... X Zpy, . The isomorphism can be defined as follows: F(z) = (x
mod m1,xz mod mg,...x mod my).
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Proof:  (skipped during the lecture) F' is 1-1: if F'(a) = F(b), then ¢ mod m; = b mod m; for all , so
a =,, b. This means that m;|(a — b) for all i. Since m; are pairwise coprime, so my ...mg|(a — b), 2 but
|a —b] < m, and thus a = b. F is ,onto”: Obvious: both sets are finite and of equal cardinalities, and F is
1-1. F preserves the operation: F(a+,,b) = (a+,,b mod my,a+,, b mod ma,...a+,, b mod my) =
3 (a+b mod my,...,a+b mod my) =*(a mod mi,...,a mod my)+ (b mod my,...,b modmy). O

Corollary 66 If my, ma, ..., my are pairwise coprime, m = myms...my and a; € {0,...m; — 1} then
there ewists exactly one x, 0 < x < m, such that:

x mod my = a
z mod mo = ag

x mod my = a,

The system of congruences above can be effectively solved: = (a1z1y1+. .. agzryr) mod m, where z; =
m/m;, and y; is a number such that z;y; =.,, 1 (which can be found using extended Euclidean algorithm).
Proof of correctness: & mod my = (a1z1y1 + ... arzryx) mod my = ((a1z1y1 mod my) + ... + (axzryk
mod m1)) mod m; =a; +0+ ...+ 0 =a; (since my is a divisor of z; for ¢ > 1). Similarly for all other m;.

Example 67 Find the smallest positive integer which gives the reminder 1 when divided by 2, 2 when
divided by 3, and 2 when divided by 7. Result: 23.

2This fact is implied by the following lemma: if m1, ..., m}, are pairwise coprime and each m; divides n, then the product
of all m; also divides n.

3Tn this point we use the following lemma: if m;|m, then a +m b =m; a + b).

4And here the fact 56 and the definition of the product of groups
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1.14 Rings and fields

Recall:
(a) (A,+,) is called a ring if:
e (A, +) is a commutative group,
e operation - is associative,
e operation - is distributive over +.
(b) (A,+,) is a field if
e (A, +,-) is aring
o (A\{0},-) is a commutative group (by 0 we denote the identity of +);
A ring is called commutative if its multiplicative operation is commutative. A ring is called a ring with
identity if its multiplicative operation has an identity. Every field is a ring. We usually use 0 to denote

the identity of +, 1 — the identity of - (if exists). —a is the additive inverse (opposite) of a, a=! — is the
multiplicative inverse of a. Instead of a + (—b) we often write a — b.

Fact 68 In every ring:
(i) 0-a=0.
(i) (—z)y = z(-y) = —(zy)
Fact 69 In every field: ab=0—a=0Vb=0.

The previous fact is not true in all rings. For example 2 -2 = 0 in Z4. An element a of a ring R, for
which there exists a non-zero b such that ab = 0 is called a zero divisor.

1.15 Some info about rings of polynomials

Definition 70 Let (R, +,-) be a ring. An expression f = a,2" +a,_12" ' +...a12' +apx®, where a; € R,
is called a polynomial over the ring R. Elements a; are called coefficients of polynomial. The greatest i for
which a; # 0 is called the degree of the polynomial and is denoted by deg(f). The coefficient of such i is
called leading. A polynomial whose leading coefficient is ag is called a constant polynomial.

A special polynomial is the zero polynomial, f = 0. It does not has a leading coefficient, and we assume
that its degree is —oo, When presenting a polynomial we usually skip a;z* for which a; = 0 (with the exception
of the zero polynomial). In the case of f = a,2" + a, 12" ! +...a12' + apz®, we sometimes speak about
coefficients a;, for i > n. We assume that such a; = 0. Two polynomials f = apz"+an_12" ' +... a1z +agz®
and f = bpx™ + byp_12™ L+ . byt 4+ boa® are equal if for all i we have a; = b;.

With each polynomial f we associate in a natural way a function f(z) : R — R (the value for an argument
b € R is computed by substituting the value of b for = in the expression describing f). Note however, that
polynomialls and associated functions are formally different notions.

Fact 71 It is not always the case that two distinct polynomials over the same ring describe distinct func-
tions.®

Proof: Let R be the field Z;;, f = 0 and g = x'! — z. Both are associate with the zero function (to see
this for the second polynomial use Fermat’s little theorem). Morover, observe that for any finite ringR, the
set of polynomials over F is infinite, while the set R% is finite. a

The set of polynomials over a ring R is denoted by R[z]|. In the set R[] we define natural operations of
+ and -

Definition 72 Let f = a,2" + ap_12" ' +...a12" + apz®, g = b2 + bpp_12™ 1 4. . byt +byx®. Then:

frg= > (ai+b)a’

0<i<max{m,n}

i

Frg= > (D apbig)
0<i<m+4n 0<5<i

Example 73 Examples in Zg[z]. Let f = 322 + 22 +2, g = 52 +4. Then f + g = 32% + 2, and
fg =32 +42% + 2z + 2.

5But, as we see later, distinct polynomial over infinite fields describe distinct functions.
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Fact 74 Let f and g be polynomials over a ring R of degrees m and n, respectively. Then
(i) The degree of f + g is not greater than max{m,n},
(ii) The degree of f - g is not greater than m + n.
(iii) If R is a field, then the degree of [ - g is m +n. In particular, if f #0 and g # 0, then fg # 0.

Proof: The first two points are obvious. The third is implied by the fact that in a field, ab = 0 implies
a =0 or b= 0. So the product of leading coefficients cannot be zero and thus becomes the leading cofficient
of the product of the polynomials O

The proof of the following fact is routine:

Fact 75 Let (R,+,") be a ring. Then R[x] with the operation of addition and multiplication of polynomials
is a ring. If R is commutative, then R[x] is also commutative. If R has a multiplicative identity then R[x]
also has one.

1.16 Divisibility of polynomials

From this point we consider rings of polynomials over fields. We usually denote a field by F. We show that
for polynomials we can develop a theory of divisibility, similar to the theory of divisibility of integers.

Fact 76 For any pair of polynomials f, g € Flx], g # O there exists exactly one pair of polynomials q, r
such that deg(r) < deg(g) and f = qg+r. The polynomial r is called the reminder of division of f by g. In
particular, the reminder of the division of f by x — ¢ is a constant.

Proof:  Existence. If deg(f) < deg(g), then we take ¢ = 0, r = f. In the other case we proceed inductively

by the degree of f. Let f = an2"+an_12" ' +...a1x  +agz?, g = b2+ by 12 1. byt +boz?, n > m.

Consider the polynomial h = f — (a,b,,'2"~™)g. The coefficient of 2" of h is 0, so deg(h) < deg(f) and we

may apply the inductive assumption h = ¢’g + 7. Now f = h + (a,b,;'a" " ™)g = ¢'g + 1 + (a,b,ta""™)g =

(¢ + (anb,ra" ™)) g +r. Uniqueness. If f = qg+r = ¢'g+7', then (¢—¢')g = ' —r. The polynomial r — 7’

has degree smaller than deg(g), so ¢ = ¢’. This implies that ' — r zero, so ' = r. m|
The proof suggests a method for dividing polynomials. Let us see an example:

Example 77 Let us divide 23 + 2z by 2z + 1 in Z7[z]. (...)

Definition 78 We say that a polynomial f divides g if there exists a polynomial h such that g = f - h. As
in the case of integers we write then f|g.

Fact 79 (i) If fg = ¢, where ¢ # 0 is a constant, then both f and g are constants.
(ii) If flg and g|f, then f = cg for some constant c.

Definition 80 We say that a non-constant polynomial f is irreducible (or prime) in F[z] if there exists no
pair of polynomials g, h, of degree smaller than deg(f) such that f = gh.

Note that all polynomials of degree 1 are irreducible.

Definition 81 A greatest common divisor of polynomials f and g is a polynomial i which is a common
divisor of f and ¢ of the smallest possible degree.

Soon we will show that every pair of non-zero polynomials has a greatest common divisor. It may be
noted that ged of polynomials is unique up to a constant factor. More precisely, if h and h' are greatest
common divisors of f and g, then h = ch’ for some constant c.

Lemma 82 (i) Every pair f, g € Flz] has a ged.
(ii) If h is a gcd of f and g, then there exist such a and b, that af +bf = h.

Example 83 An example: we compute ged of 23 + 22 + 52 + 5 and 2 + 52 in Z;.

Lemma 84 If f|gh and f is irreducible, then f|g or f|h.
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Fact 85 FEvery polynomial f can be uniquely represented (up to the order of f;) in the form f = cfifo... fi,
where ¢ is a constant, and every f; is a irreducible polynomial with leading coefficient 1.

Fact 86 If f and g are irreducible and f|h and g|h, then fglh.

Theorem 87 (Bezout) The reminder of the division of f by x — ¢ equlas f(c). In particular x — c|f if and
only if f(c) =0.

An element ¢ such that f(c) =0 is called a root of polynomial f.

Fact 88 A polynomial f € F[z]| of degree n has at most n roots.

Proof: Assume to the contrary that there exist n + 1 roots aj,as,...a,+1. By the theorem of Bezouta f
divides by z—a;, for all i. Since x—a,; are ireeducible, then f is divisible also by (x—a1)(x—as2) ... (x—ant1)-
The degree of the resulting polynomial is n + 1, contradiction. m|

Theorem 89 Letxy,...,x, andyy,...,y, be elements of a field F'. Then there exists exactly one polynomial
f of degree smaller than n such that f(x;) =y; for 1 <i < n.

Proof: We use Lagrange’s interpolation formula to define f: f = y191(x) + y2g2(x) + . .. + Yngn(z), where

gi(x) =1] ki ;:ij] . Uniqueness is implied by the theorem about the number of roots of a polynomial.

2 Linear spaces

2.1 Definition

Definition 90 A set V is called a linear (vector) space over a field K if there are two operations defined:
+:VxV->Vi-:KxV —Vand,forany o, € K, u,v € V we have:

(a) (V,+) is a commutative group
(b) (a+B)-v=a-v+p-v
(¢c) a-(v+u)=a-v+a-u.
(d) (a-f)-v=a-(8-v)
) 1-v =wv (where 1 is the identity of the multiplicative operation in K).
Elements of V' are called wvectors, elements of K — scalars.

We usually use + and - to denote operation in K and operation on vectors. The identity of (V,+) is
denoted by O.
The following properties can be derived from the definition of linear spaces:

Fact 91 Foranya € K andv € V:

(i) 0-v =20 (0 is the identity of the additive operation in K)
(i) a-0=0
(iii) av =0 if and only if a =0 orv =0
(iv) (=1)v is the inverse of v

2.2 Space K"

Let K be an arbitrary field. By K™ we denote the set of n-element sequences of elements from K: K" =
{(a1,...,an) : a; € K}. We define operation + : K™ x K™ — K™:

(a1, san)+ By, 8n) = (a1 + B1,y -y an + Bn).
We also define multiplication of elements from K" by elements of K:
a-(ag,. . an) =(a-ag,...,¢-ap).
Fact 92 K™ with the operations defined above is a linear space over K.

E.g. the space R? may be identified with the space of vectors in the place.
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2.3 Examples of linear spaces

Example 93 (a) A field K is a linear space over itself (this space is actually K!).
(b) The set of infinite sequences over K (operations defined analogously to K™).
(¢) The set of polynomials over a field K, K[z], over K (naturally defined operations).

(d) The set of functions from R to R with the following operations: (f + g)(z) = f(z) + g(z), (af)(z) =
a(f(x)) (this space is over the field R).

(e) The set of functions from X into a linear space V over K, with operations defined as above (this space
is over K).

2.4 Subspaces

Definition 94 Let V be a linear space over a field K. We say that U is a subspace of V is U C V and U is
a linear space over K.

Example 95 (a) The set of polynomials of degree smaller than 10, over a field K is a subset of K|x].
(b) {(a,b,c):a+b+c=0}is a subset of R?.

Fact 96 A non-empty set S of vectors from V is a subspace of V if and only if it is closed under vector
addition and multiplication by scalars.

Fact 97 The intersection of two subspaces is a subspace.

2.5 Linear combinations of vectors

Definition 98 Let V be a linear space over K. Let vq,...v; be vectors of V. A vector v = ayvy + ... agvg,
(a; € K) is called a linear combination of v1,...,v; with coefficients a1,...,a,. Let A C V. By LIN(A)
we denote the set of all linear combinations of A. LIN(A) is called the subspace generated by A.

Fact 99 LIN(A) is a subspace of V. This is the smallest subspace containing A.

2.6 Linear independance

Definition 100 A set of vectors vy, ...,v; of a space V is linearly independent if ayvy + ... + agpup = 0
only if @1 = ... = ai = 0. Vectors which are not linearly independent are called linearly dependent.

The definition implies that 0 is not a member of any linearly independent set; every subset of a linarly
indepents set is linearly independend; any superset of linearly dependent set is linearly dependent.

Example 101 In R3:
(a) (1,2,3),(2,3,4),(6,10,14) are dependent,
(b) (1,1,1),(1,1,0),(1,0,0) are independent,

Lemma 102 A set of vectors vq,...,vy is linearly independent if and only if one of vectors is a linear
combination of the remaining.

Lemma 103 (i) The set of vectors vy,...,v is linearly dependent if and only if it contains a proper
subset generating the same subspace

(il) Any finite set of vectors contains a linearly independent subset generating the same subspace.

2.7 Basis and dimension of a space

Definition 104 A set of vectors B is a basis of a space V, if LIN(B) = V and B is linearly independent.
A space is finitely-dimensional, if it has a finite basis.

Example 105 (a) Bases in R3: (1,0,0), (0,1,0), (0,0,1) and (1,1,1),(1,1,0),(1,0,0).
(b) Abasisin R™is (1,0,...,0),(0,1,0,...,0),...,(0,0,...,0,1). This basis is called canonical or standard.
(c) A basis in Rlz]: 1,z,2% 23,.. ..

Fact 106 Let vy,...v; be linearly independent and for all i: v; € LIN (e1,...ex). Thenl <k.
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Proof: Induction over . m|

Corollary 107 Any set of more than n vectors in K™ is dependent

Proof: K™= LIN((1,0,0,...,0),(0,1,0,0,...,0),...,(0,0,...,0,1)) O

Corollary 108 If LIN(vy,...,vx) = LIN(u1,...,w) and sets vy,...,vx and uy,...,u; are linearly inde-
pendent then k = 1.

Corollary 109 All bases of a finitely-dimensional space have the same number of elements.
Definition 110 A dimension of a space V if the number of vectors in a basis of V.

Fact 111 (i) Every mazimal linearly independent set of vectors of V' is a basis of V.
(ii) Every n-element linearly independent set of vectors of a n-dimensional space is a basis of V.
(iii) Ewery set of linearly independent vectors of a finitely-dimensional space may be extended to its basis.

Theorem 112 Every space of the form LIN (vy,...,v;) has a basis.
It can be shown that arbitrary space has a basis (we skip the proof of this fact).
Theorem 113 Every vector can be uniquely represented as a linear combination of vectors from a basis.

If eq,...,e; is a basis of V, v = aje; + ... + areg, then coesflicients «; are called coordinates of v with
respect to the basis eq, ..., ex.

2.8 Matrices

Formally, a matrix of dimensions m x n (a matrix with m rows and n columns), over a field K, is a fuction
of type {1,...,m} x {1,...,n} — K. The set of matrices of dimensions m x n is denoted by M,,, (K) (or
Mn, if the field is default). Matrices are usually represented as rectangular tables:

aii, @12, ..., QA1n
azi, @22, -.., A2n

..y B ) ’
m,1, QGm,25 -+ Amn

where a;; is the value reterned by the function for the pair (¢, j). Notions of rows and columns are defined
in a natural way.
Some special types of matrices are listed below:

(a) Zero matrix (of dimensions m x n) — consisting of zeros only.

(b) Square matrices, i.e. matrices with n rows and n columns (in this case n is called the degree of a
matrix):

o diagonal matrix: only elements on the main diagonal, i.e. a1,1,a22,...,an,, may not be equal to
Zero.

e identity matrix: a diagonal matrix withs 1s on the main diagonal.
e upper triangular matrix: zeros below the main diagonal.

e lower triangular matrix: zeros above the main diagonal.

2.9 Operations on matrices
2.9.1 Addition of matrices, multiplication by scalars

In the set of matrices with m rows and n columns we can define the operations of addition and multiplication
by scalars from K:

ail, a1,2, --., Qin bi1, bi2, ..., bip a1 +bi1, ar2+bi, ..., ain+biy

2,1, 022, -5 G2n | a1, ba2, oo b2 | az1 +ba1, aso+bag, ..., azn+bay
e e, e e e . e

am,1, Gm,2, -+ Amn bm,l, bm,2a ey bmn am,1 +bm,17 am,2 +bm,2a ey am,n+bm,n



aii, ai2, ..., ain @api, «@adir2, ..., @ain
a1, 0272, ..., A2n _ aa21, Qa272, ..., d2n
ey ey ey e A ey ey

Um,1, Gm,2, ---5 Amn Qlm, 1, OAQm, 2, ---; QlQmn

)

Example 114 Some examples of addition and multiplication by scalars.

The proof of the fact below is routine:

Fact 115 The set of matrices with m rows and n columns with the operations defined above is a linear space
of dimension mn.

Proof: Observe that M,,, with addition is a group. Check eg. that a(A+ B) = oA + aB.

2.9.2 Multiplication

A product of matrices A and B is defined only if the number of columns of A equals number of rows of B.
Firstly, we define the product of a matrix of dimensions 1 X n by a matrix of dimensions n x 1:

by

bo

[al,ag,...,an]~ :[a1b1+a2b2+...+anbn].

bn
The result may be treated either as an element of the field K or a matrix over K of dimensions 1 x 1.

Now we define the product of A and B, of dimensions m x n and n x k, respectively. The result is a matrix

of dimensions n x k. Let
Ay

A=| 2|

A'H’L
where A; are rows of A, and
B =By, Ba,...Bygl,

B; are columns of B. AB is defined as follows:

ABy, A1B,, ..., AiDBy
Ap— | A2Br, A2Bs, ... A2By
cy ceey e

AmBh AmB27 BRI AmBk
Matrix multiplication is not commutative (even for square matrices), but

Fact 116 Matriz multiplication is associative.

Fact 117 Let A, B,C be matrices over K, I,, — the identity matriz of degree n, and o € K. If the following
operations are defined then:

(i) ,A= A, Al, = A,
(i) A(B+C)=AB+ AC,
(iii) (B+C)A=BA+ CA,
(iv) a(AB) = («¢A)B = A(aB).
Note, that multiplication is an operation in the set of square matireces of a fixed degree n. This operation

is associative and has the identity I,,. But M,, with multiplication is not a group — there are matrices which
do not have inverses (e.g. zero matrix).
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2.10 Linear transformations

As in the case of groups and other algebraic structures, we can define a notion of homomorphism of linear
spaces. Homomorphisms of linear spaces are called linear transformations.

Definition 118 Let V and U be linear spacec over field K. A function J : V — U is called a linear
transformation if:

(a) Yvy,vy € V we have L(vy +v9) = L(v1) + L(v2)
(b) Va € K, v € V we have L(av) = aL(v).

Example 119 Consider a map from R? — R?, defined as L(z,y, z) = (x,y). It is linear.

The notions of the kernel and the image of a linear transformation are defined analogously to the case
groups. Ker(L)={v eV :L(v) =0}, Im(L)={L(v):v € V}.

Lemma 120 IfV and U are linear spaces over K, and L : V — U is a linear transformation, then Ker(L)
is a subspace of V, and Im(L) is a subspace of U.

Fact 121 The image of a linear subspace is a subspace and the inverse image of a linear subspace is a linear
subspace.

Example 122 (a) A function returning always the zero vector is a linear transformation.

(b) Function: L : R?® — R2, L((z,y,2)) = (z +y, 2) is a linear. The kernel consist of vectors of the form
(x,—x,0); and the image is the whole R2.

(¢) L(z,y,2) = (z,) is linear.
(d) Function L : R® — R?, L((z,y,2)) = (zy, ) is not linear.
Theorem 123 dim(V) = dim(im(L)) + dim(Ker(L)).
dim(Im(L)) is sometimes also called the rank of a transformation.

Example 124 Check that the theorem holds for L(a,b,c,d) = (a,0,0,b).

The composition of linear transformations is a linear transformation:

Fact 125 Let L be a linear transformation of V into U, and M a linear transformation of U into W. Then
the composition of L and M, (ML)(v) = M(L(v)) is a linear transformation of V into W.

2.11 A connection between matrices and linear spaces

Lemma 126 Let V and U be linear space over a field K. Let ey, ..., e, be a basis of V. Let wy, ..., w, be
a sequence of vectors in U. Then there exists exactly one linear transformation which maps e; into f; for all
i.

Proof: L(v) = L(aner + ...+ ape,) =arL(er) + ...+ apL(ey). m|

Let V and U be linear space over a field K. Let E = {ej,...,e,} beabasisof V,and F = {f1,..., fm}
be a basis of U. Let L : V — U be a linear transformation. The image of every e; is a linear transformation
of vectors f;:

L(e;) = onifi + ...+ amifm-

We associate the following matrix with a linear transformation L : V' — U. The matrix will be denoted
as AEF(L):

1,1, @12, ..., Q1n
Q21, 22, ..., Q2p
Agp(L) =
ey ey ey
Am,1y, Am2, -+ Omn

AgrL is called the matrix of L in bases E, F. Note that the i-th column is the vector from K™ whose
coordinates are coefficients of the image of e; given in the basis F'.
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Example 127 We construct the matrix of L : R* — R2, L((z,y, 2)) = (z + ¥, 2) in standard bases:
110
001
In the remaining part of this section we consider only linear transformations from R™ to R™ and matrices
in standard bases. However all the results can be generalized to arbitrary spaces and bases.

Theorem 128 There exists a natural bijective correspondence between the set of linear transformation form
R™ to R™ and the set of matrices M, xn.

Fact 129 Let A(L) be the matriz of L. Then

Y1
o | ||
w1

where v1,...,vm are coordinates of L(v) € U.

Theorem 130 The matriz of the composition of linear transformations L and M is the product of matrices
A(L) and A(M).

Example 131 Consider the transformatoin L : R? — R? rotating the input vector about ¢ (we identify
vectors with points of the plane. The matrix A(L) is given below.

coSp —Sing
sing  cosp

Consider also the rotation about 1 and the composition of these two rotations, ie. the rotation about
© + 1. According to fact 130 the matrix of the composition can be computed as follows:

[ cosyy —siny } ) [ coSp —Siny ]

sy cosy sing  cosp

Multiplying the matrices we obtain well known formulas:

cos(Y + @) —sin(Y+ ) | | cosy cosp — siny sing, —cosy sing — siny cosp
sin(h +¢) cos(v+ @) | | siny cosp + cosyp sing, —siny sing + cosy cosp

2.12 Determinants
2.12.1 Definition

Determinants of degree 2 should be known from school:

ab
o d ‘—ad—bc

This can be generalized.

Definition 132 Let A be a square matrix of degree n:

aii, 1,2, ..., Ain

A= a1, 22, ..., a2.n
ey ey ey

aml, amg, oeey an,n

The determinant of A (JA| or detA) is defined as:

> sen(f)ar p1)az,f2) - - 3,4(3)s
fESH
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2.12.2 Properties

Definition 133 The transpsition of a matrix A is the matrix A7 whose rows are columns of A. Formally,
the element on the position 7,5 in A7 is the elements from the position j,i in A.

Fact 134 |A| = |AT|.
Fact 135 If B is obtained from A by multiplying one the rows by «, then |B| = «a|A|.
Fact 136 If B is obtained from A by switching two rows then |B| = —|A]|.

Fact 137 A determinant with two identical rows is equal to 0.

Fact 138 If B is obtained from A by adding to a row some other row multiplied by a scalar then |B| = A|.

2.12.3 Laplace expansion

For a square matrix A we denote by M;; the determinant of the matrix which is obtained from A by remowing
the i-th row and j — th column. We define also A;; := (—1)""J M;;.

Fact 139 For every i:
detA = a;1 A + applis + .. ainAin

and
detA = aliAli + QQiAQZ‘ “+ ... am'Am
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