Facts About Eigenvalues
By Dr David Butler

Definitions

Suppose A is an n X n matrix.

An eigenvalue of A is a number \ such that Av = Av for some nonzero vector v.

An eigenvector of A is a nonzero vector v such that Av = Av for some number \.

Terminology

Let A be an n X n matrix.

The determinant |AI — A| (for unknown ) is called the characteristic polynomial of A.
(The zeros of this polynomial are the eigenvalues of A.)

The equation |\ — A| = 0 is called the characteristic equation of A.
(The solutions of this equation are the eigenvalues of A.)

If X is an eigenvalue of A, then the subspace E) = {v | Av = Av} is called the eigenspace of A
associated with \.
(This subspace contains all the eigenvectors with eigenvalue A, and also the zero vector.)

An eigenvalue \* of A is said to have multiplicity m if, when the characteristic polynomial is
factorised into linear factors, the factor (A — \*) appears m times.

Theorems

Let A be an n X n matrix.

The matrix A has n eigenvalues (including each according to its multiplicity).

The sum of the n eigenvalues of A is the same as the trace of A (that is, the sum of the diagonal
elements of A).

The product of the n eigenvalues of A is the same as the determinant of A.
If X is an eigenvalue of A, then the dimension of E) is at most the multiplicity of \.

A set of eigenvectors of A, each corresponding to a different eigenvalue of A, is a linearly
independent set.

If A" + ¢ A" L+ - 4+ 1\ + ¢ is the characteristic polynomial of A,
then ¢,_; = —trace(A) and ¢y = (—1)"|A].

If A" + cp g A" L+ - 4+ 1\ + ¢ is the characteristic polynomial of A,
then A" + ¢, 1A" '+ -+ ;A + col = O. (The Cayley-Hamilton Theorem.)



Examples of Problems using Eigenvalues

Problem:
If )\ is an eigenvalue of the matrix A, prove that A2 is an eigenvalue of A2

Solution:
Since A is an eigenvalue of A, Av = Av for some v # 0.
Multiplying both sides by A gives

A(Av) = A(\v)
A*v = \Av
= AV

= \v

Therefore \? is an eigenvalue of A%2. W

Problem:
Prove that the n x n matrix A and its transpose A7 have the same eigenvalues.

Solution:

Consider the characteristic polynomial of AT: |\ — AT| = |(M — A)T| = |\ — A| (since a matrix
and its transpose have the same determinant). This result is the characteristic polynomial of A, so
AT and A have the same characteristic polynomial, and hence they have the same eigenvalues. B

Problem:
The matrix A has (1,2,1)T and (1,1,0)7 as eigenvectors, both with eigenvalue 7, and its trace is 2.
Find the determinant of A.

Solution:

The matrix A is a 3 x 3 matrix, so it has 3 eigenvalues in total. The eigenspace E7 contains the
vectors (1,2,1)T and (1,1,0)%, which are linearly independent. So E; must have dimension at least
2, which implies that the eigenvalue 7 has multiplicity at least 2.

Let the other eigenvalue be A, then from the trace A\+7+7 = 2, so A = —12. So the three eigenvalues
are 7, 7 and -12. Hence, the determinant of Ais 7 x 7 x —12 = —588. W



The sum and product of eigenvalues

Theorem: If A is an n X n matrix, then the sum of the n eigenvalues of A is the trace of A and the
product of the n eigenvalues is the determinant of A.

Proof: i ... Gin
Write A =
Ap1 .- Qpp
Also let the n eigenvalues of A be Aq, ..., A\,. Finally, denote the characteristic polynomial of A by

pA) =M — Al = A"+ ¢, A" L+ + ;A + ¢p. Note that since the eigenvalues of A are the zeros
of p(\), this implies that p(A) can be factorised as p(A) = (A — A1) ... (A — Ap).

Consider the constant term of p(\), ¢o. The constant term of p(A) is given by p(0), which can be
calculated in two ways:

Firstly, p(0) = (0= A1) ... (0—A,) = (—=1)" A1 ... A\, Secondly, p(0) = [0] — A| = | — A] = (—1)"|A].

Therefore ¢cg = (—=1)"A1... A\, = (=1)"|A], and so Ay ...\, = |A|. That is, the product of the n
eigenvalues of A is the determinant of A.

Consider the coefficient of A" !, ¢,_;. This is also calculated in two ways.

Firstly, it can be calculated by expanding p(A) = (A—A;) ... (A= \,). In order to get the A"~! term,
the A must be chosen from n — 1 of the factors, and the constant from the other. Hence, the \*~!
term will be =M\ A"h— oo = AN = — (A 4 -+ A )AL Thus ¢y = —(A + -+ + ).

Secondly, this coefficient can be calculated by expanding |AI — Al:

)\ — a1l —a12 e —d1p
—a9 A — a29 ... —as
N — A| = "
—an1 —ap2 A — Qpn
One way of calculating determinants is to multiply the elements in positions 151, 2js, ..., nJ,, for

each possible permutation ji...7j, of 1...n. If the permutation is odd, then the product is also
multiplied by —1. Then all of these n! products are added together to produce the determinant. One
of these products is (A — a11) ... (A — auy). Every other possible product can contain at most n — 2
elements on the diagonal of the matrix, and so will contain at most n — 2 A’s. Hence, when all of
these other products are expanded, they will produce a polynomial in A of degree at most n — 2.
Denote this polynomial by g(\).

Hence, p(A) = (A — aq1) ... (A — @nn) + q(A). Since g(A\) has degree at most n — 2, it has no A"~ *
term, and so the A»~! term of p(A\) must be the A»~! term from (A —a1;) ... (A — @n,). However, the
argument above for (A — A;) ... (A — \,) shows that this term must be —(ay; + -+ + @) AL

Therefore ¢, 1 = —(A+ -+ Ay) = —(a11+ -+ apn), and so A\; + -+ -+ A\, = ay1 + -+ + Gpy. That
is, the sum of the n eigenvalues of A is the trace of A. W



The Cayley-Hamilton Theorem

Theorem:
Let A be an n x n matrix. If A\ 4+ ¢, 1 A\" ' + .-+ + ¢\ + ¢ is the characteristic polynomial of A,
then A" + ¢, A" '+ .-+ 1A+ ol =O.

Proof:
Consider the matrix A\ — A. If this matrix is multiplied by its adjoint matrix, the result will be its
determinant multiplied by the identity matrix. That is,

(M — A)adj(\ — A) = |\ — A (1)

Consider the matrix adj(Al — A). Each entry of this matrix is either the positive or the negative of
the determinant of a smaller matrix produced by deleting one row and one column of A\I — A. The
determinant of such a matrix is a polynomial in A of degree at most n — 1 (since removing one row
and one column is guaranteed to remove at least one \).

Let the polynomial in position 5 of adj(A — A) be bjo + bt A + - - + bij—1)A" . Then

[ D110 + b+ -+ biin—n A" oo Do F b A+ o+ b ATT!
adj(Al — A) = : :
_bnl(J + bnll)\ +ee bnl(n—l))\n_1 v bnnO + bnnl)\ +oee b'rm(n—l))\n_1
_5110 e bmo_ binA ... bimA bll(nfl))\nil e bln(nfl)Anil
= : L+ : : R : :
_bnlO ce bnnO_ bnll/\ cee bnnl)\ bnl(nfl))\n_1 ce bnn(nfl))\n_l
_b110 < ban_ blll v blnl bll(n—l) o bln(n—l)
=1 : Y S R :
_bnl() S bnnO_ bnll oo bnnl bnl(nfl) o bnn(nfl)
Denote the matrices appearing in the above expression by By, By, ..., B,_1, respectively so that

adj(Al — A) =By +ABy +--- + A" 'B,_,
Then (A — A)adj(M — A) = (Al — A)(By + ABy +---+\""'B,
=ABy+ NBy + -+ \"By,_4
— ABy — MAB; —--- = \"'AB,
= —ABy+ A(By — ABy) + -+ X" Y (By_2 — AB,_1) + \"B,,

Next consider |AI — A|I. This is the characteristic polynomial of A, multiplied by I. That is,

M — ATl = (A" + e\ e A o)l
= \"I + Cnfl)\nilf + -+ Cl)\[ + Co[
=col + NcrD)+ -+ Mepa ) + AT

Substituting these two expressions into the equation (A — A)adj(Al — A) = [N — A|l gives

— ABy +AN(By — AB) + ... + X" YB,_y — AB,_1) + \"B,,_;
= ol + Xeyd) + .+ A e d) + AT



If the two sides of this equation were evaluated separately, each would be an n X n matrix with each
entry a polynomial in A. Since these two resulting matrices are equal, the entries in each position are
also equal. That is, for each choice of 7 and 7, the polynomials in position ij of the two matrices are
equal. Since these two polynomials are equal, the coefficients of the matching powers of A must also
be equal. That is, for each choice of i, j and k, the coefficient of A\* in position ij of one matrix is
equal to the coefficient of A\¥ in position ij of the other matrix. Hence, when each matrix is rewritten
as sum of coefficient matrices multiplied by powers of A (as was done above for adj(Al — A) ), then
for every k, the matrix multiplied by A\¥ in one expression must be the same as the matrix multiplied
by A in the other.

In other words, we can equate the matrix coeffiicients of the powers of A\ in each expression. This
results in the following equations:

C()I = — ABO
01] = BO - ABl

Cn—ll = Bn—2 - ABn—l
I =B,

Now right-multiply each equation by successive powers of A (that is, the first is multiplied by I, the
second is multiplied by A, the third is multiplied by A2, and so on until the last is multiplied by A™).
This produces the following equations:

C()[ = — ABO

C1A = ABO — A2B1

CnflAnil = Anian,Q — Aan,1
A"l = A"B,, 4

Adding all of these equations together produces:

CQ] —|— ClA + s —|— Cn_lAn_l + An_l = —ABO + ABO — A2B1 —|— cee 4 An_an_Q — Aan_l —f- Aan_l
col +c A+ Fcp AV A =0 B



Polynomials acted upon matrices

Theorem:

Let A be an n x n matrix with eigenvalues A, ..., A, (including multiplicity). Let g(z) = ap+ a1z +
-+ + apx® be a polynomial, and let g(A) = aol + a1 A + - -+ + a,A*. Then the eigenvalues of g(A)

are g(A1), ..., g(An) (including multiplicity).

Proof:
We will begin by showing that the determinant of g(A) is g(A1) ... g(\,).

By the fundamental theorem of algebra, the polynomial g(z) can be factorised into k linear factors
over the complex numbers. Hence we can write g(x) = ag(x — ¢1)...(z — ¢x) for some complex
numbers ¢y, ..., ¢x. Now a matrix commutes with all its powers, and with the identity, so it is also
possible to write g(A) as g(A) = ax(A — 1) ... (A — ¢ 1).

Also, denote the characteristic polynomial of A by p(A) = |A\I — A|. Since the eigenvalues of A are
A1, .-+, An, the characteristic polynomial can be factorised as p(A) = (A — A1) ... (A = \,).

Consider the determinant of g(A):

19(A)] = lar(A —c11) ... (A = cpl)]
= (ap)"|A—c11|... |A— cl|
= (ar)"| = (al = A)]...[ = (el — A)|
= (ag)"(=1)"|erl = Al (=1)"[exd — A
= (ap)"(=1)"|e ] = Al e ] — A

n

Now |c;I — Al is |AI — A] with A replaced by ¢;, that is, it is the characteristic polynomial of A
evaluated at A = ¢;. Thus |¢;] — Al = p(¢;) = (i — M) ... (i — \n)-

So, [9(A)] = (ax)™(=1)"p(c1) . .. plex)
= (ap)" (=)™ x (c; = A1) ... (c1 — A\p)
X ...
X (Ck—Al)...(Ck—An)
=(ap)"x (M —c1)...(Ap— 1)
X ...
X (Al—Ck)...(An—Ck)
=(ap)"x M —c1)... (M — )
X ...
X (Ap—c1)e oo (A — )
= CLk()\l —Cl)...(>\1 —Ck)
X ...
X ag(Ap —c1) ... (A — k)
=g(A1) X -+ x g(An)

The above argument shows that if g(z) is any polynomial, then |g(A)| = g(A1) ... g(A\n).



Now we will show that the eigenvalues of g(A) are g(A\1), ..., g(A\n).

Let a be any number and consider the polynomial h(z) = a — g(z). Then h(A) = al — g(A), and the
argument above shows that |h(A)| = h(A1)...h(A\,). Substituting the formulas for h(z) and h(A)
into this equation gives that |al — g(A)| = (a — g(A1)) ... (a — g(\n)).

Since this is true for all possible a, it can be concluded that as polynomials, |\ — g(A)| =
(A—=g(M\))...(A=g(\,)). But |AI — g(A)] is the characteristic polynomial of g(A), which has been
fully factorised here, so this implies that the eigenvalues of g(A) are g(\1), ..., g(\,). B

Some corollaries:

Let A be an n X n matrix with eigenvalues \q, ..., A,. Then:
e 2A has eigenvalues 2\, ..., 2\,.

)\2

o A? has eigenvalues \?, ..., \2.

e A+ 21 has eigenvalues \{ +2, ..., \, + 2.

e If p()\) is the characteristic polynomial of A, then p(A) has eigenvalues O, ..., 0.



Similar matrices

Definition:
Two matrices A and B are called similar if there exists an invertible matrix X such that A = X 'BX.

Theorem:
Suppose A and B are similar matrices. Then A and B have the same characteristic polynomial and
hence the same eigenvalues.

Proof:

Consider the characteristic polynomial of A:

M — Al = M — X 'BX|
= AX"'X - X 'BX]|

= | X'\ - B)X|

= [X7HA - B X]|
1

= — |\ - B||X
MBIl

= |\ — B|

This is the characteristic polynomial of B, so A and B have the same characteristic polynomial.
Hence A and B have the same eigenvalues .



Multiplicity and the dimension of an eigenspace

Theorem:
If \* is an eigenvalue of A, then the multiplicity of \* is at least the dimension of the eigenspace E«.

Proof:
Suppose the dimension of Fy+ is m and let vy, ..., v,, form a basis for E)-.
It is possible to find n — m other vectors u,,y1, ..., u, so that vy, ..., v, W1, ..., U, form a

basis for R™. Let X be the n X n matrix with these n basis vectors as its columns. This matrix X
is invertible since its columns are linearly independent.

Consider the matrix B = X 1 AX. This matrix is similar to A and so it has the same characteristic
polynomial as A. In order to describe the entries of B, we will first investigate AX.

AX = Ay |+ | Vo | | -+ )
=[Avi |- [ Avi | Ay |- | Ay
=[Nvy |- | ANV | Augi | -+ | Auy,]  (since vy, ..., v, are eigenvalues of A)
B=X"AX
= XN | A | Aty | | Auy)
S X ) [ | X V) | X Ay | | X A,
= NX v | N X T, | X T Augy |- | XA

Now consider X ~!v;. This is X! multiplied by the i’th column of X, and so it is the i’th column
of X7 'X. However X 'X = I, so its i'th column is the 7’th standard basis vector e;. Thus:

B=[NX"vi|- | X v | X Aupy | -+ | XA,
=[\er| | XNew | X 'Auyy |- | X T Au,]
A 0 ... 0 b1(m+1) e bin |
0O X ... 0 ba(m+1) e ban,
=10 0 ... XN buum+y - binn
O 0 . e 0 b(m+1)(m+1) e b(m+1)n
0 0 ... O br(m+1) e bon
A-X 0 ... 0 ~brmsry - —bin ]
0 A=A L 0 —ba(m+1) e —bay,
S0, A\l — B = 0 0 A=A —bm(m+1) e —bmn
0 0 e 0 )\ - b(m+1)(m+1) e —b(m+1)n
| 0 0 e 0 —bp(m+1) coe A= bpy

If the determinant of this matrix A\l — B is expanded progressively along the first m columns, it



results in the following:

A— b(m+1)(m+1) e _b(m+1)n
M — Bl =\ —X\)...(A=\") : : :
~bpims1) oo A= b
A= bty m+1) - —bmti)n
= A=A : - :
—bims1) oo A— b

Hence, the factor (A — A*) appears at least m times in the characteristic polynomial of B (it may
appear more times because of the part of the determinant that is as yet uncalculated). Since A
and B have the same characteristic polynomial, the factor (A — A\*) appears at least m times in the
characteristic polynomial of A. That is, the multiplicity of the eigenvalue \* is at least m. B
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The product of two matrices

Theorem:
Let A be an m x n matrix and let B be an n X m matrix, with n > m. Then the n eigenvalues of
BA are the m eigenvalues of AB with the extra eigenvalues being 0.

Proof:
Consider the (m +n) x (m + n) matrices:

Onxn OnXm _ BA Onxm
= %) = (0 6)

Also let X = (I”X” B >

Then
I B O O
Then XM:(O 1) (A AB)
_ (BA BAB
LA AB
And NX:(

So XM = NX. Now X is an upper triangular matrix with every entry on the diagonal equal to
1. Therefore it is invertible. Hence we can multiply both sides of this equation by X! to get
M = X"'NX. Thus M and N are similar and so have the same characteristic polynomial.

Consider the characteristic polynomial of each:

O?’LX?’L OnXm
|A[—M|_‘)\I—( " AB)

_ )\[nxn Onxm
N —A  AMxm — AB

= (Mosxn|[Monsem — AB]
= N A — AB]|

BA  Onxm
|)\I—N|_‘)\I—(A Ome)‘

e )

_A /\Imxm
= |Mpxn — BA|| A Lnsm]
= A" Mpxm — BA

11



Since M and N have the same characteristic polynomial,

Al — M| = |AI — N|
N Mosem — AB| = ™| Msm — BA|
A" A — AB| = [Mysm — BA|

So the characteristic polynomial of BA is the same as the characteristic polynomial of AB, but
multiplied by A"™™. Hence BA has all of the eigenvalues of AB, but with n — m extra zeros. B
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A proof in finite geometry with a surprising use of eigenvalues

Preliminaries:

e A finite projective plane is a collection of finitely many points and finitely many lines such
that

Every two points are contained in precisely one line.

Every two lines share precisely one point.

There are at least three points on every line.

Not all the points are on the same line.
e For a finite projective plane, there is a number ¢ called the order such that:

— There are ¢ + 1 points on every line.
— There are ¢ 4 1 lines through every point.
— There are ¢ + ¢ + 1 points in total.
— There are ¢> + ¢ + 1 lines in total.
e A polarity of a finite projective plane is a one-to-one map ¢ which maps points to lines and

lines to points, so that if the point P is on the line ¢, then the point o(¢) is on the line o(P),
and also for any point or line X, o(0(X)) = X.

e An absolute point with respect to a polarity ¢ of a projective plane is a point P such that
P is on the line o(P).

Theorem: A polarity of a finite projective plane plane must have an absolute point.

Proof: Let o be a polarity of a finite projective plane of order q. Denote the points in the projective
plane by Pi, Ps, ..., P2, .41, and denote the line o(P;) by ¢; for each i = 1, ..., ¢* + ¢+ 1. Note
that since o is a polarity, then o(¢;) = o(o(P;)) = P; for any 1.

Create a (¢* + ¢+ 1) X (¢* + ¢+ 1) matrix A as follows: if the point P is on the line ¢;, then put a
1 in entry i of the matrix A, otherwise, put a 0 in position 7j. The matrix A is called an incidence
matrix of the projective plane.

Since o is a polarity, if P, is on ¢;, then o(F;) is on o(¢;) = o(c(F;)) = P;. Hence if there is a 1 in
position 47, then there is also a 1 in position ji. Thus the matrix A is symmetric and A7 = A.

Now an abolute point is a point P; such that P; is on o(F;). That is, an absolute point is a point such
that P; is on ¢;. Hence, if o has an absolute point, then there is a 1 on the diagonal of A. Therefore,
the number of absolute points of ¢ is the sum of the diagonal elements of A. That is, it is the trace
of A.

To find the trace of A, we may instead find the sum of the eigenvalues of A.

Firstly note that every row of A contains precisely g + 1 entries that are 1 since each point lies on
q + 1 lines. Hence the rows of A all add to ¢ + 1. Therefore when A is multiplied by (1,1,...,1)7,

13



the result is (¢ +1,...,¢ + 1)7. This means that (1,...,1)7 is an eigenvector of A with eigenvalue
qg—+1.

Consider the matrix A?. If A has eigenvalues of A\, ..., Aj2 1441, then A? will have eigenvalues of
A )\22 Lq+1- Hence information about the eigenvalues of A can be obtained from the eigenvalues
of A%

Since A = A", we have that A2 = AA = ATA. The ij element of AT A is the dot product of the
ith row of AT with the jth column of A, which is the dot product of the ith column of A with the
jth column of A. Now each column of A represents a line of the projective plane and has a 1 in the
position of each of the points on this line. T'wo lines share precisely one point, and so two columns
of A are both 1 in precisely one position. Hence the dot product of two distinct columns of A is 1.
One the other hand, any line contains g + 1 points, and therefore any column of A has ¢ + 1 entries
equal to 1. Hence the dot product of a column of A with itself is ¢ + 1.

Therefore, the diagonal entries of A? are ¢+ 1 and the other entries of A% are 1. That is A? = J+ql,
where J is a matrix with all of its entries equal to 1.

Now the matrix J is equal to the product of two vectors (1,...,1)7(1,...,1). Multiplying these
vectors in the opposite order gives a 1 x 1 matrix: (1,...,1)(1,...,1)T =[¢* + ¢+ 1]. This 1 x 1
matrix has eigenvalue ¢? 4+ ¢+ 1. Now for any two matrices such that AB and BA are both defined,
the eigenvalues of the larger matrix are the same as the eigenvalues of the smaller matrix with the
extra eigenvalues all being zero. Thus the ¢* + ¢ + 1 eigenvalues of J must be ¢*> +¢+1, 0, ..., 0.

Consider the polynomial g(z) = x + q. The matrix g(J) = J + qI = A?. Therefore the eigenvalues
of A% are g(¢* +q+1), g(0) ..., g(0). That is, the eigenvalues of A% are ¢*> +2¢+1, ¢, ..., q. One
of the eigenvalues of A is ¢ + 1, and so the remaining eigenvalues of A must all be ,/q or —,/q

Suppose there are k eigenvalues equal to —,/q and ¢*> +q — k equal to v/q. Then the trace of A is
equal to —k\/q+ (¢* +q—k)a+a+1= alg*+q—2k) +q+1

If ¢ = p? for some natural number p, then the trace is p(¢® + ¢ — 2k) + p*> + 1, which is one more than
a multiple of p, and so it cannot be 0.

If ¢ is not a square number, then ,/q is irrational and so if q®> + q — 2k # 0 then the trace of A
must be irrational also. However, the entries of A are all 0 or 1, so its trace is an integer. Hence
¢*> +q — 2k = 0 and the trace is ¢ + 1.

In either case, the trace is not 0, so the polarity must have an absolute point. B
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